In the study in [1], a novel spectrum sensing scheme has been proposed and the performance characteristics of the proposed scheme have been analyzed in Gaussian noise environment. The test statistic of the proposed scheme is the sum of one or more order statistics of the log-likelihood ratios obtained at the branches of a receiver. In this paper, the performance characteristics of the proposed scheme are addressed in impulsive noise environment. It is demonstrated that the proposed scheme provides significant performance gain and higher level of performance stability over the conventional schemes in non-Gaussian impulsive noise environment.
Introduction
One of the useful and interesting ways for efficiently utilizing the spectrum without causing interference to the spectrum user (SU) is to employ spectrum sensing [2] in cognitive radio (CR). By continually sensing spectrum holes unoccupied by the primary user (PU) or other CRs, a CR can dynamically utilize the spectrum without causing interference to the SU.
In general, the detection techniques of spectrum sensing can be classified into three categories: coherent detection, feature detection, and non-coherent detection [3] . As the transmission scenario (including the modulation scheme and pilot information for channel estimation) of the SU is unknown to the CR [4] , [5] in most cases, spectrum sensing normally depends on non-coherent detection. Among the non-coherent detectors, the energy detector is widely used in spectrum sensing because the energy detector usually produces reasonable detection performance in Gaussian noise and has low complexity suitable for realtime operation [3] . In the meantime, such techniques of diversity combining as the equal gain combining (EGC) and selection combining (SC) have been incorporated in the energy detection for spectrum sensing [6] - [8] , resulting in the energy detector-based EGC (EEGC) and SC (ESC) schemes.
In most of the previous works on spectrum sensing, it has been assumed that the noise is Gaussian. Although the assumption of Gaussian noise can generally be justified with the central-limit theorem in many situations, various noise sources involved in practical communication systems often exhibit non-Gaussian (impulsive or heavy-tailed) nature [9] , [10] . When the noise distribution is impulsive, the performance of spectrum sensing schemes designed for Gaussian noise could degrade severely. In addition, the diversity combining schemes such as the EGC and SC may not be able to provide sufficient improvement of the reliability of spectrum sensing schemes in impulsive noise environment. As a consequence, spectrum sensing schemes employing the EEGC and ESC could experience a severe performance degradation in impulsive noise environment.
In the study in [1] , based on the observations on the performance characteristics of non-linear schemes in various signal processing problems [11] - [14] , a class of spectrum sensing schemes which exploit the generalized likelihood ratio test (GLRT) detector and non-linear diversity combining strategies has been proposed and the performance characteristics of the proposed scheme have been investigated in Gaussian noise environment. In this paper, we will investigate the performance characteristics of the proposed scheme in impulsive noise environment. In sequel, the performance characteristics of the proposed scheme in spectrum sensing will be discussed in comparison with those of the EEGC and ESC schemes in impulsive noise environment.
System model
Let us consider a CR with L receive antenna branches: we assume single transmit antenna without loss of generality since, as is well known [15] , the technique of transmit diversity with multiple transmit antennas does not provided Cognitive radio, spectrum sensing, receive diversity, impul-
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with R n,l = R I,n,l + jR Q,n,l on the l-th receive antenna branch can be expressed as
when the frequency band of interest is not currently being used by an SU, and as
when the frequency band of interest is currently being used, where ⊗ is the element by element product of two vectors. In (2) and (3),
is the complex channel gain vector on the l-th branch with
is the transmit signal vector of the SU with S n = S I,n + jS Q,n , and
is the vector of independent and identically distributed (i.i.d.) complex additive noise components W n,l = W I,n,l + jW Q,n,l with the common joint pdf f WI ,WQ of {(W I,n,l , W Q,n,l )}. By the subscripts I and Q in this paper we denote the in-phase and quadrature components, respectively. The sample size N 2 = BT is determined by the signal bandwidth B and symbol time T : it is assumed that BT is a natural number for simplicity.
The spectrum sensing problem can now be formulated as a statistical hypothesis testing problem of choosing between the null hypothesis
The frequency band is not currently being used (7) and the alternative hypothesis
The frequency band is currently being used (8) with the decision rule
where the test statistic T S (R) is a function of
and λ denotes the threshold determined to satisfy the requirement on the false alarm probability P r{T S (R) > λ|H 0 }.
3 Spectrum sensing schemes
The EEGC and ESC schemes
Consider the l-th branch output
obtained as the sum of the received signal energy. After all branch outputs {E(R 1 ), E(R 2 ), · · · , E(R L )} are obtained, they are appropriately combined according to the combining strategy. Specifically, when the EEGC scheme is used in spectrum sensing, all branch outputs {E( 
On the other hand, when the ESC scheme is used in spectrum sensing, the largest energy E (L) (R) is used for spectrum sensing, resulting in the test statistic [8]
where
Although spectrum sensing schemes with the test statistics (12) and (13) can clearly provide a reasonable performance in Gaussian noise, they could result in a severe degradation of performance when the noise is heaviertailed than the Gaussian noise. This implies that in an impulsive environment the energy-based branch output (11) is not appropriate and the combiners EGC and SC cannot effectively suppress the influence of noise components of very large amplitudes.
The proposed spectrum sensing scheme

Preliminaries
When the noise is impulsive, non-linear schemes are reported to be suitable for mitigating the effects of noise components in many signal processing applications [11] - [14] . In particular, it has been diversely shown that non-linear schemes which employ both non-linear and linear operations can successfully suppress the influence of noise components in both Gaussian and impulsive environment [11] - [13] . Providing reasonable performance in both Gaussian and impulsive noise environment, order statistics of the averages of observations [11] , [13] and averages of the order statistics of observations [12] are used for a variety of applications including signal detection and signal restoration. Based on such observations on the performance characteristics of non-linear schemes in various signal processing areas, it is easily anticipated that non-linear scheme could also be very useful in spectrum sensing schemes operating in impulsive noise environment. In particular, when the CR exploits receive diversity, non-linear strategies with both linear and non-linear operations would be effective in reducing the influence of the outputs of branches contaminated by impulsive and Gaussian noises. In essence, an appropriate design of a non-linear diversity combining technique is a promising way for providing performance stability of spectrum sensing in the CR with receive diversity when the CR is to be used in an environment where the noise may take on heavy-tailed nature.
In addition, as a more general and useful detector in impulsive noise environment, we consider the GLRT detector instead of the energy detector in each branch. The GLRT detector usually produces good detection performance with simple structure for implementation, furnishing the special case of the energy detector in Gaussian noise. Unlike the energy detector, the GLRT detector requires the information about the noise distribution to produce the branch outputs: it should be noted that noise distribution should anyway be known to the CR. In fact, as it is normal that the noise distribution is known to the CR, the GLRT detector should be more beneficial than the energy detector. Fig. 1 shows a schematic diagram of the proposed scheme. In this figure, the output of the GLRT detector in the l-th branch can be expressed as the log-likelihood ratio (LLR)
The proposed scheme
where ln{x} is the natural logarithm of x, f R (R l ; H z ) is the common joint pdf of the observation vector R l under H z with z = 0 and 1, f W is the common joint pdf of W l , and
is the vector of maximum likelihood estimates (MLEs) H n,l S n of H n,l S n . With the L branch outputs
an ordering operation will produce the order statistics [16] 
with the a-th order statistic
} are linearly combined with equal weights to produce the test statistic
for spectrum sensing. Here,
is the number of branches employed in the combining and 1 ≤ Figure 1 . A block diagram of the proposed scheme, where .
We will use the notation PRO(i 1 , i 2 , · · · , i M ) to denote the proposed scheme with the test statistic (17) . For example, PRO(2, 4) denotes the proposed scheme with the test statistic G (2) (R) + G (4) (R) and decision rule G (2) (R) + G (4) (R)
Example of LLR
From (14), it is clear that the LLR is affected by the joint pdf f WI ,WQ . In most cases of complex noise environment, it is not quite feasible to express the joint pdf mathematically in a closed-form: among the exceptions are the symmetric α-stable (SαS) noise. Fortunately, it is also wellknown that SαS distribution can accurately model noise processes in many cases. We thus examine the LLR for complex SαS noise model. In complex SαS noise model in this paper, the common joint pdf f WI ,WQ is the bivariate, isotropic, SαS (BISαS) pdf [10] . Specifically, let us assume the BISαS pdf
where the positive dispersion parameter γ is related to the spread of the BISαS pdf, and the characteristic exponent α (0 < α ≤ 2) is related to the heaviness of the tails of the BISαS pdf. A smaller value of α indicates a higher degree of impulsiveness, while a value closer to two indicates a more Gaussian type of behaviors. For the pdf (18), a closed-form expression is known to be nonexistent, except for the special cases of α = 1 and 2. When α = 1, we have the bivariate Cauchy pdf
and when α = 2, we have the bivariate Gaussian pdf
Under the Cauchy environment, with the assumption of i.i.d. noise components, the common joint pdf of R l un-
M < L
der the alternative and null hypotheses can be expressed as
respectively. Clearly, the MLE H n,l S n of H n,l S n is R n,l . Then, from (14), (21), and (22), the LLR in the Cauchy environment can be expressed as
Numerical results
Let us now compare the performance of several spectrum sensing schemes in various noise and fading environment.
For the noise environment, we consider BISαS noise with characteristic exponent α = 1.6 and 1 (Cauchy); for the fading environment, we consider i.i.d. slow varying Nakagami fading with Nakagami parameter m = ∞ (nonfading channel) and 1 (Rayleigh fading channel). The performance of spectrum sensing schemes is quantified in this paper by depicting the receiver operating characteristic (ROC) for fixed signal power P = N/2 n=1 |S n | 2 with N = 10: we have arbitrarily chosen the signal power P = 3 and 9 for BISαS noise with α = 1.6 and BISαS noise with α = 1, respectively.
It is assumed that the number L of receive antenna branches is 4. Although additional antennas could imply better performance, it is reported [17] that the largest diversity gain is obtained in going from L = 1 to L = 2, and much of the diversity gain are achieved when L = 4 for diversity techniques. In addition, hardware costs and system-design constraints of the CR would limit the value of L in practice.
As the proposed scheme, we will consider only the classes of {PRO(i)} because one order statistic is anticipated to be sufficient for reasonable stability of performance without an inordinate increase of complexity as shown in such schemes of signal processing as the median, Wilcoxon, and rank-based filters [11] - [13] . The performance of the proposed scheme will be compared with that of the EEGC and ESC schemes: the EEGC and ESC are the most popular conventional schemes of spectrum sensing for the CR with receive diversity. In the proposed scheme, since the lack of a closed-form expression for the BISαS pdf (except for α = 1 and 2) prohibits the evaluation of the LLRs, the LLRs are obtained from (23) when α = 1.6 and 1: the notations PRO C is used to denote the proposed schemes with (23). We would like to mention that Cauchy detector has frequently been used as a useful alternative under the general impulsive noise circumstances because of its desirable performance in various impulsive environments [9] even though it is not optimal when α = 1.
Performance comparison of the PRO, EEGC, and ESC
Figs. 2-5 show the ROCs of the PRO C , EEGC, and ESC schemes in various fading conditions when the noise is heavier-tailed (α = 1.6 and 1) than the Gaussian noise. As clearly shown in these figures, the EEGC and ESC exhibit severe performance degradation when the noise is impulsive: they become practically useless when the impulsiveness of noise gets higher. On the other hand, the PRO C provides significant performance gain over the EEGC and ESC over all the fading conditions for a wide range of false alarm probability in impulsive noise environment. It should be noted that, if the proposed scheme is obtained with the exact LLRs at α = 1.6, it would exhibit better performance than PRO C in BISαS noise of α = 1.6.
Performance characteristics of the proposed scheme
As shown in the figures for the performance of {PRO C (i)}, the order statistic of LLR that leads to a better performance than the others depends clearly on the operating environments (including fading condition, noise pdf, and false alarm probability). For example, while PRO C (1) exhibits the best performance among {PRO C (i)} for a wide range of false alarm probability in non-fading channel with BISαS noise of α = 1.6 (Fig. 2 ), PRO C (2) exhibits the best performance for a wide range of false alarm probability when the severity of fading is high with impulsiveness of noise fixed, as shown in Fig. 3 . Collecting such observations from the simulation results shown in the figures, we have the following summary.
(A) As the impulsiveness of noise gets higher with fading condition fixed, the performance of PRO(i) with smaller i becomes better than that with larger i, as is evident in Figs. 2 and 4 , for example. This result is easily explainable from the viewpoint of signal detection: it is well known that an observation with a very large magnitude in impulsive environment should be considered not as a signal plus noise but as noise only. As a result, a large value of LLR in impulsive environment could with high probability imply it is from noise component rather than from signal components. Thus, in such an environment, selecting smaller LLR (smaller i) generally leads to a better performance than selecting a larger LLR.
(B) As the severity of fading gets higher with the impulsiveness of noise fixed, on the other hand, the performance of PRO(i) with larger i becomes better than that with smaller i, as is evident in Figs. 2 and 3 , for example. This result is justified by noting the rationale that signal components {S n } which have passed through a good channel would exhibit a large power, and consequently, a large value of the LLR. (C) When the severity of fading and impulsiveness of noise are both high, the impulsiveness of noise has more influence than the severity of fading on the performance of {PRO(i)}, as is evident in Fig. 5 . Note that, based on (B) above, although PRO(i) with larger i is expected to exhibit higher detection probability than that with smaller i when the severity of fading is high, PRO(3) and PRO(4) in fact exhibit lower detection probability than the others (Fig. 5) : this implies that the noise environment has more influence than the fading condition on the performance of {PRO(i)} when the severity of fading and impulsiveness of noise are both high.
Conclusion
We have in this paper concentrated on the performance characteristics of the proposed scheme in impulsive noise circumstances. Employing the GLRT detector and nonlinear diversity combining strategies based on order statistics, the proposed scheme provides quite an attractive performance characteristic for spectrum sensing with a smaller variation of performance (than other schemes) over various fading conditions in heavy-tailed noise environment.
The performance of the PRO, EEGC, and ESC schemes has been compared in a variety of fading environments when the noise is heavy-tailed via Monte Carlo simulations. It is confirmed from the simulation results that the proposed scheme provides significant performance gain over the EEGC and ESC for a wide range of false alarm probability when the noise is heavier-tailed. Among the proposed schemes employing only a single order statistic, it is observed that, as the impulsiveness of noise gets higher with fading condition fixed, the performance of PRO(i) with smaller i becomes better than that with larger i. As the severity of fading gets higher with the impulsiveness of noise fixed, on the other hand, the performance of PRO(i) with larger i becomes better than that with smaller i. When the severity of fading and impulsiveness of noise are both high, the impulsiveness of noise has more influence than the severity of fading on the performance of {PRO(i)}. 
